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The stress redistribution in a hybrid composite sheet due to 
fiber fractures has been studied. The shear-lag model was used to 
perform the analysis. The hybrid composite is modeled as a single 
layer tape containing both high modulus and low modulus fibers in a 
common matrix. Stress concentration factors for surviving fibers and 
ineffective lengths for broken fibers have been computed for various 
configurations of broken and unbroken fibers. The shear-lag 




Recently, there has been increasing interest in the use of 
hybrid composites which consist of two or more types of reinforcing 
fibers in a common matrix. This is partly because conventional 
engineering materials have been replaced in some weight-critical 
applications by composite materials using filaments such as glass, 
carbon, boron or an aramid such as Kevlar 49 in a matrix material. 
Hybrid composites offer a range of properties that cannot be 
obtained from composite materials with a single kind of reinforcing 
fiber. For instance, adding carbon fibers to a glass fiber composite 
substantially increases the ultimate stress or strain of a laminate. 
At the same time, material costs and manufacturing costs can be 
substantially reduced by blending some cheaper fibers with more 
expensive ones. For instance, if we mb. about 20fft by volume of 
graphite fiben with glass fibers, we can produce a composite with 
about 15~ of tho strength and stiffness properties of an all 
1raphite reinforced laminate, but tho cost h only 30f. of tho all 
graphi to 11atorhl. Other cx111plcs of the applications and 
aocbanlcal propertiu or hybrid coapoal tos can be round in survey 
papors sach as rorcrcncos (1-8). 
H the potential applications o! ll)·t,, , coopo11tu are to bo 
rul hod. tho hlluro cechanha UAdor dUhront load hhtorh• aau 
b• undoratood and charaottrittd. As •1th aany coapo1lto1. tho 
tensile behavior of hybrid composites is not fully understood. One 
important reason for the inability to accurately describe tensile 
failure is attributed to the 'hybrid effect', Marom et al. [9] 
defined the 'hybrid effect' as a positive or negative deviation of a 
contain mechanical property from the rule-of-mixtures behavior. Tho 
more common definition for tho 'hybrid effect' is tho observed 
increase in failure strain of tho hybrid composite with respect to 
composites consisting of the constituent having the lowest ultimate 
strain. Thero are many publications which discuss tho existence of 
tho 'hybrid effect'. Hayashi [10] is credited as tho first person 
who observed this 'hybrid effect'. Bunsel and Barris (11] la tor 
observed tho 'hybrid effect' in their tests on unidirectional 
laminates made from separate layers of graphite and glass fibers. 
Their conclusion is that tho 'hybrid effect' cannot bo attributed to 
tho residual compressive thon:ial strains in tho graphite. Cbamb et 
al. (12) tostod £our di!foront hybrid systems. each of thom 
con1i1tin1 o! three different volwae ratios of tho constituent 
Clbor,. They conclude that hybrid coapoaites aro 1tron1or than 
coapoaltu c:ond 1tln1 oC tbo wukcr conat i tuont. Another 1trioa of 
01porlaont1 ••• conducted by Zwobtn (13). who ob,orvod tbo 'hybrid 
eCfact' in hybrid coapoal u1 cado ltr coabhins 'Eovhr' 0 aad 
'lliornol' JOO 1r1pblto fibora in I Fibortto 934 oru•r a1tri1. 1.owbon 
aho conchdtd tbu ruldual 1bn111l uutn1 docv cnnoc uplain 
cht 'hybrid ef(oac•. Tba,. •• caD coaclad• lhat ch• •bybrtd tlloct' 
J 
does exist even if the effect is small. It is apparent that the 
'hybrid effect' must be quantified more accurately in order for 
hybrid composites to be readily usable. 
The mechanical basis for the hybrid effect remains somewhat 
puzzling. We know that when one or more fibers is suddenly broken 
under applied load in a composite, the load in the brok~n fiber or 
fibers must be transferred through the common matrix to tho adjacent 
fibers in order to re store equilibrium. llenco, we wool d like to 
characterize tho stress redistribution in tho surviving, adjacent 
fibers so that wo can more precisely predict gross mechanical 
properties such as failure stress, failure strain and tho hybrid 
o£f'ect. In this work, the streu concentration factors resulting 
!roa the presence of one or ctore broken fibers arc calculated for 
tho surviving adjacent tibcrs in hybrid composites with fibers 
arranged unidirectionally In ainah layers with varioDt 
con!igurationa and volume ratios. 
Bodgopctb (14) wu tho first pcrsoa to det1cribo the 1tru1 
redhtrlbution around a broha Uber in • unidiroctlonally 
reln!orcod 1bcot. Do dorlvod the 1trea1 concontra tloa factor for 
nrvlvlna !lbua 1dj1cut to an array of brotn rlbtu b7 uahl1 • 
alaph 1hnr-h1 tboor1. Ztwbta (UI calcahud tbt 1U1la 
coDCtHrUJOD factor u tbo tip or I nottb la I anldl roctioul 
bybltd COIIJIOIIU b)" 1ppl1h1 I dalhr 1ppro1iNU Dtlhod. Fokadl 
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and Kawata [16] derived the stress concentration factor in a 
composite laminate consisting of several discontinuous layers. lney 
concluded that the concentration factor obtained by Hedgepeth could 
be obtained from their analysis by increasing the number of layers. 
Fukuda and Chou [17] considered the stress concentration factors for 
hybrid composites with high modulus fibers and low modulus fibers 
alternated. They introduced the concept of influence functions as 
proposed by Hedgepeth to derive the stress concentration factor. 
lney concluded that for a hybrid composites containing both high 
modulus and low modulus fibers, tho stress concentration factor on 
high modulus fibers adjacent to a crack is lower than that in an 
all-high modulus fiber composite for the sa.mo number of fractured 
fibers. One omission in their work is that they did not compute the 
stress concentration factors for surviving fibers between two 
cracks. Tho stress concentration factors for surviving !ibcrs 
between two cracks is always areater than that for fibers adjacent 
to a single crack. 
The lno!!octivo length 61 is also ot interest. This quantity 
h a aouuro of tho azlal dlllonal.on ovar •hicb tho strou h 
porturbod in tho vicinity of a broken flbor iD an uidlroctional 
coapoaJ.u. For a coapolito with oaly one tYpo of Ubor, tho 
Jaolfoct1vo lea1tb 11 oaay to dottno. bat for hybrid coapo1lto1. Ibo 
situation h ,oa~•ltlt aore coaplicah1d. BtHd upon a 1bur-h1 
1naly1h, I& 1bo1tld dtpood opn Utt nmbtr of Heb tfpt of broha 
' 
fibers, the mechanical properties of the fibers and matrix, the size 
of the composites, and the geometry of the specimen. 
The purpose of this work is to carry out calculations for 
stress concentration factors and ineffective lengths in 
unidirectional hybrid composites for various configurations and 
volume ratios of broken fibers and to utilize these results in a 
statistical failure model. This model is intended to estimate the 
tensile failure of hybrid composites and to predict the effect of 
various volume ratios and degrees of constituent fiber dispersion 
upon the failure behavior. 
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3. Mathoaatical analysis 
Our primary purpose is to provide some insight into the failure 
strength of a composite material containing two types of fibers with 
different stiffness characteristics. To do this. we adopt tho 
shear-lag analysis of Zwobon [15]. We consider the hybrid composite 
to be modeled by a single layered tape containing n continuous 
unidirectional fibers of length 1. Each fiber is either a low or a 
high modulus fiber. A typical representation of a planar tape with a 
volume ratio of 1:1 and fully dispersed fibers is shown in Figure 1. 
We denote tho high modulus fibers as IlM with subscript 1, and 
tho low modulus fibers as Lff with subscript 2. Tho rospoctivo moduli 
and cross-sectional aroa of tho fibers aro denoted by E1• A1 and E2, 
~· lo assume that tho unidirectional fibrous composite is subjected 
to a tensile force in the Cibor direction. le wUl usu:io that tha 
fibers arc licearly elastic until !ractan. and that the ofhcthe 
fiber area is equal to tho total cro11-1octloaal area of tho fibers 
ill tho bundle.lo donoto the azhl load and dhplac:caont of tho i th 
Uber u P1(s) and U1(1), and PO iadlcuu tho piano or llbu 
fractaro. ut as conaldtr tho aquil ibriun o{ tbe 1in1h f Jbor 1bown 
in Fi1arc 2. Wo can •rilo don the czqa1tiNa upnuhs equllibrhm 
1n tho ftbor direction 11: 
Pt • (dP1/41)ch - P1 - <t1•tzHuh .. 0 
(l) 
1 
where ~ is the shear stress carried by the matrix, h is the 
thickness of the sheet, xis the axial coordinate along the fiber. 
By Hooke's Law and the linearized strain-displacement relation: 
a = E(dU/dx} 
Pi= Aai = EA(dUi/dx} 
dPi/dx = EA(d2Ui/dx2 ) 
where ei is the axial strain in the 1th fiber and ai is the axial 
stress in the ith fiber. Then, the equilibrium equation (1) 
becomes: 
(2) 
Tho shoar stress T is carried by the matrix. Lot us consider the 
situation shown in Figure 3. \l'e cocipute tho shoar stresses 't1, 'tz 
by 
Y1 • (Ui - Ui-1)/d 
T2 • (Ui - Ui+l)/d 
Tl• Gyl • G(Ui - u1_1)/d 
~2 • Gr2 • G(D1 - u1• 1)/d 
•hero 'fpr2 aro tbo 1hou 1ualn1 ~linlns in tbo aatrll ud G 
donottl tbo 1b,ar aodula1 of tho n1trl1. lo 1ab1t1&Dtt th• 
01pro11ion1 ror t 1• , 2 ic&o ,qaation t:J. ind cbo eq~lllbrica 
equation for tbo 1th t•b•r lbtn boc~e,1 tin1ll1 
• 
(3) 
If the jth fiber is a high modulus fiber and the kth fiber is a 




It is assumed that axial stresses in the matrix are negligible, 
and the matrix serves as a medium for transmission of shear stress 
alone. For convenience, we would like to express the cquilibriWZI 
equation in a non-dimensional form. To do this, •e must change the 
displacements u1 into dimensionless displacements ui' and the axial 
coordinate x into a dimensionless axial coordinate ~. These 
dimensionless variables arc rolatod to the corresponding dimcnaional 
variables by: 
u1 • cu 1{E2A2d/GbJ 112 
x ft ((EzAld/Cb)l/t 
whore c ia the valuo ot the wiiform axial atrain 11 1 goes co•. lo 
introduce another dlaon1!onlo11 ptrllllotor R0 , tho ratlo of Cho 
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extensional stiffness of fibers as 
a= 1,2 
parameters yields the equilibrium equations in dimensionless form 
as: 
(6) 
We now assume that the tape represents a portion of a larger 
body in which tho adal strain has the constant value a. Lot us 
denote the displacement in the fibers adjacent to tho boundaries of 




or in dlmon1ionle11 !ora as : 
(9) 
uo, 
Wo can no• writo down tho sovoraias uc o( l lnur dHftrcnchl 
~qua,ion1 for Ibo 1r1coa of n fibor1 11 
10 
,re 
Ra1 (d2u1/de2) + Uz - 2u1 = - e 
Raz(d2u2/de2) + u1 + u3 - 2uz = 0 
2 I 2 Ra3(d U3 de)+ Uz + U4 - 2u3 = 0 
------------
can express equation (11) in operational 
2 D - 2/Ral 1/Ral 0 - - - - - - - 0 
1/Ra2 2 D - 2/Raz l/Ra2 0 - - - 0 
- - - - - - - - - - - - - - - - -
--------- 1/Ran D2 -2/R an 
whore Dis tho linear operator : 
(11) 
form as 





In order to sol vo tho system of cqua tion (12), we look for 
homogonoous solutions o! tho form as 










- - - - - 0 





A non-singular solution of equation (14) exists if and only if the 
determinant of the coefficient matrix is zero. Hence r is obtained 
as the solution of 
r
2
-2/Ral 1/Ral O - - - - - - - 0 
1/Raz r 2-2/R02 1/Ral - - - - - 0 
0 ------- 0 
0 - - - - - - 0 1/Ran r 2-2/Ran 
= 0 
(15) 
It is apporont that obtaining values of r which satisfy 
equation Cl5) h equivalent to sohina an eigenvalue problc1:1. In. 
order that tho dhplaccmcnt compononu bo bounded, tho value 0£ r 




where A1J ls tho oiacnvector corroapondin1 to tho olaonvaluo rj. It 
can re1dll1 bo 100n that tbo ~articular 1olu&lon1 LO oqu1tlon1 (12) 
are 1lnn br 
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Thus the general solution becomes 
n 




At the origin, we note that the stress in the broken fibers is zero 
and the displacement in the unbroken fibers is zero. Therefore, the 
boundary conditions at e=o will be dui (0) /d~ = 0 for broken fibers 
and uj(O} = 0 for unbroken fibers. 
The strain concentration factor associated with an unbroken 
fiber is defined as tho ratio of the strain at .x=O to the uniform 
strain e is 
(19) 
or in dimensionless form 
(20) 
From equation (18) and (20), we can find tho strain concentration 
factors for tho unbroken fibers by: 
n 
E1 • l + l A1JrJ j:1 
(21) 
Bocauu wt auuo that all !ibors arc llnearl)· olaatic until 
Cracturo, tho ,train concontr1Cioo !actor and tbo atroas 
concontratlon factor aro ldontical. 
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Now, let us consider the ineffective length 6i' We make use of 
the definition proposed by Friedman (181, where the strain 
distribution in the broken fiber is replaced by a step function that 
has the same average strain. Figure 4 shows the concept 
schematically. Thus we require that the areas between the actual and 
the equivalent step function strain distribution curves and the 
constant strain a be equal. Suppose that the i th fiber is broken, 
Then we have 
or in dimensionless form: 
from equation (18), we can obtain 
n 




From equation (23), wo can na. compute tho ineffective length for a 
broken fiber••: 
(25) 
4. Numerical results 
We consider a hybrid composite model with 15 fibers arranged in 
the form of a single layered tape. The hybrid composite is assumed 
to contain two kinds of fibers, that is high modulus fibers and low 
modulus fibers. The fibers are arranged with high modulus fibers and 
low modulus fiber alternated and the two boundary fibers are high 
modulus fibers. A schematic is shown in Figure S. 
From the analysis of the previous section, the stress 
concentration factor for a surviving fiber adjacent to a broken 
fiber depends upon the quantity R1 = E1A1 /E2A2 • Calculations will 
be presented for the values R1=1,2,3. When n1 equals 1 with one 
fiber broken, the stress concentrntion factor of the surviving 
fibers directly adjacent to the broken fiber is calculated to be 
1.331. By way of comparison, Hedgepeth (14] obtained a value of 
1.333, Zwebon (15) a value of 1.293, and Fukuda and Chou [17) a 
value of 1.342. The model of Dedgepeth and Zwoben Just contained a 
very few unbroken fibers and only one broken fiber. However, Fukuda 
and Chou made their calculation for =ore than fifteen broken fibers. 
Tbey condnctod tho calculation by usina tho concept of inClucnco 
functions proposed by ffcdgcpcbt [14), and they czprcssod tho 
solutlons in the Cor111 ot Fourier series. Honcc, sliaht diffcrancu 
aay bo ozpoctod bct•oon their results and those pro,ontod here. Tho 
numerical techniques uod In tho prount wort, ln which tbo 1tnu 
15 
concentration factors depend upon the results of an eigenvalue 
problem, is felt to be more flexible and slightly more accurate then 
that used by Fukuda and Chou, because of errors involved in the 
truncation of the Fourier Series. The comparison between the result 
made by the present techniques and those due to Fukuda and Chou is 
shown in Table 1. 
It should be noted that Fukuda and Chou calculated the stress 
concontra tion factor for the surviving fiber directly adj a cont to a 
crack. A crack is taken to moan a group of adjacent broken fibers. 
They did not compute the stress concentration factor on a surviving 
fiber located be tween two cracks. This situation, however, often 
arises in statistical simulations, and hence will be considered in 
the present work. It was found that the stress concentration factor 
for a surviving fiber located between two cracks is greater than 
that for a surviving fiber directly adjacent to a crack with an 
equal number of broken fibers. 
'7hon a fiber is brol:on, tho stress will be redistributed to 
1nrviving £ lbors in order to l!laintain mechanical equil ibriw:,, that 
i1, every surviving fiber will have an increase in stress produced 
by each broken !ibor. l!once c,•uy sunlvi11g tibor will have a 
conccntration factor greater than ono even if the value i1 not •uch 
greater than one. T1blc1 2-4 show tho concentration factors oC every 
aarv lvln1 fl bor auoch tod with dHfcront c:onf11urat ion, or broken 
16 
fibers for different vnlues of the extensional stiffness ratio 
R. The symbol 1 • 1 represents a broken fiber. 
The ineffective length produced by broken fibers in different 
situations is shown in Tables 6-9. 
constant, then according to our cnlcula tions, the values shown in 
n 
the tables are 2[d/R0 i]
112_C[
1
Aij). We note that the ineffective 
J= 
length of a broken fiber is a function of extensional stiffness, 
distance between two fibers, thickness, and shear modulus of matrix. 
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5. Statistical analysis 
Basic probability distribution functions: Let Gn(e) be the 
c.d.f. (cumulative distribution function) for the breaking strain of 
a single bundle with n fiber segments. This c.d.f. depends upon the 
c.d.f. for the breaking strain of the fiber segments Fv(e,6), v=H,L, 
and it depends upon tho strain concentration factors Ki calcula tod 
by the shear lag analysis. Furthermore, Gn(e) is dependent upon the 
geometrical dispersion, i.e. the arrangement of the fibers and the 
volume ratio of the fibers. Thus, Gn(e) is quite difficult to 
compute, nevertheless, it is the main c.d.f. which must be 
evaluated. 
Lot Dm,n(c) be tho c.d.f. !or tho breaking strain of tho 
hybrid. Because tho hybrid is conceptualixcd a, a series of 
statistically independent and identically distributed bundles, tho 
weakest link formulation of extreme value theory is applicable. Thus 
(l6) 
It h clearly =anlfou •by Gn(,d h iuch aa h:iportuu c.d.!. 
Tho r.Uthelcal bobavior o( th hybrid can bc undH1lood only H 
Gn Ct) h ac:c1traulr ut h:aud. Tbh h clui !ocu of lbt nmnical 
•iaalatioa dttcribod in Cb• ntat 1tclion. 
u 
Monte Carlo simulation: In order to investigate the effect of 
volume ratio and dispersion on ultimate strain and ultimate 
strength. the Monte Carlo simulation method is employed. Simulation 
is a statistical type approach which has its greatest benefit in 
that analytical complexities are circumvented. Conceptually the 
hybrid model is rather simple. and consequently simulation is 
straightforward. Nevertheless. many geometrically complicated hybrid 
problems can be studied with quite good success. 
The simulations were conducted for a single bundle so that 
Gn(e) could be estimated. The number of fibers in the bundle was 
assumed to be 90. For each specific choice 0£ \'olume ratio and 
dispersion considered, 25 replicate simulations were conducted. 
Since tho breaking strain vall,L, were assumed to be tho 
fundamental random variables, simulated values tor £r were generated 
based upon the Weibull c.d.f.: 
(27) 
where Pv is the shape parameter, and t 6 is the scale parameter. 
Accordlns to tho results of Rarlow [191. Fukuda and Chow (241, 
the 1laolaticn1 tor tho hybrids should follow a Vaibull c.d.l. very 
closoly which is also co=monly observed Croa c~periacctatlou. Tbus, 
cbo .Nonu Culo 1iauht10111 au rcuo111blr ac:curalll, and cbey aro 
roprosc,ntatlu for 1aa1l hboracory 1pocicona 10 that coaparhtoiu 
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to experimental data is justified. 
Material parameters: In order to perform a simulation which is 
meaningful, representative material parameters must be chosen. One 
of the hybrid systems which has been studied is a mixture of carbon 
and Kevlar 49 in a common matrix [13], Phoenix and Wu [20] carefully 
measured many of the parameters for Kevlar 49. They reported an 
elastic modulus of 131 GPa and a fiber diameter of 11.89 µm. For a 5 
cm long Kevlar 49, tho estimated Weibull shape parameter is p=S.2 
which corresponds to approximately 14«Ki coefficient of variation. 
They also estimated the Weibull scale parameter for strength to be 
3590 MPa which corresponds to 2. 7'1i strain, assuming linear elastic 
conditions. Manders and Bader (21] reported that high tensile 
strength carbon fibers have a Weibull shape parameter of 
approximately pc7 ,0 which corresponds to about 16'1 coefficient of 
variation. The osti=atod scalo parameter !or strength for 5 cm 
specimen, is 1720 MPa or O. 72tJ, strain. Earlier [22) they reported an 
elastic codulus of 240 GPa. Typically the carbon fiber diameter is 
between 7 and 9 µm. Tho values reported by Zwcbon [13) arc 
consistent with those. Thus, several simulations aro based upon tho 
Col lowing paracoter values: £11,..240 0Pa, Pu•7 .o, 12110.0072, E1,-13l 
UPa, pL•S.2, and ,k~o.021. 
J! we lntroduco those concentration 
factors coaputod by tho 1bo1r-l11 1nalr1J1 iD a Honto Carlo 
20 
simulation, it will enable us to describe the fracture of hybrid 
composites more accurately. For the statistical simulation we 
generated a group of random numbers taken to be the breaking strains 
of every single fiber. Die first break occurs in the weakest fiber 
and the stress is redistributed on surviving fibers because of the 
force equilibrium. Every time when we sweep breaking strains of 
surviving fibers we can obtain a next weakest breaking strain. Using 
this method, we can find a clusters of broken fibers, When all 
fibers arc broken then the greatest value of these weakest breaking 
strains is the breaking strain of the hybrid. 
Three different volume ratio of hybrid composites were 
considorcd here. They are 1:0, 1:1, 2:1 of D-fibers to L-fibers. In 
each case tho simulated results were plotted on Weibull probability 
paper. Fiaurcs 6, 1 and 8 are typical examples based upon tho 
carbon/Kevlar hybrid para.meters civon above, whore o Js tho breaking 
strains of hybrid coc:ipositu. and P is Weibull c.d. f. u shown in 
tho fl;oro. Fisuro 6 ls !or tho case of a volt:=o ratio of 2:1 of u-
ribora to L-rlhu with anic:iua dhporsion, J.e., tbo geometrical 
pattern h a cluuor o( t•o U-Ubors ud one 1.-fiber reputed a 
total ot 30 tlaes to account (or tho &Q&a1 nt:Qbor of 90 fibers. Tho 
notation o( 211: lL h uud co doi,nuci lbh ducr 1 pti on aad 
alaihrlr for Olbor p1Utrnt, flgun 7 h ror • sch~no or 11-Cibor, 
ud L-f lbor al Urna ted. nd Fi1uro a h for • uhtaf of •Jl JI-
(lb,r,. It h nanUut &ht • ldhll c.d.r. flu tbo dua qal to 
21 
well. The estimated Weibull c.d.f. was obtained by finding the 
linear least squares fit to the data as plotted on Weibull paper. 
The probability plotting positions npi were assumed to be the mean 
value of the fraction of the sampled values occurring before the ith 
ordered observation, i.e., nPi=i/(n+l) or specifically 25Pi=i/26. 
Also included on the graphs are the 9SCJJ and 5" rank confidence 
bands. The two-sided 90' confidence band indicates that the Weibull 
c.d.f. is an appropriate choice for the c.d.f. of the simulated 
data. Note that near the median the bands nre close implying a 
sharp estimate, but in the upper and lower tails where the data is 
more sparse, the bands are wider so that the estimate is not as 
good. As a final col:!ment, the slope of the line serves as an 
estimator for tho Weibull shape para.meter of the hybrid, and the 
Weibull scale par11moter is most easily esticiated by the inverse 
Weibull function ovalnatcd at a probability of 63.29'. Both 
estimators arc easy to find from the Weibull graph, e.g., on Figaro 
6 the shape and scale para.motors p0 and 'c for tho hybrid are 24.7 
and 0.521'1i, rcspectively, and corrospondiagly tor Fi&uro 7. pc:•28.2 
and •c•0.660\, (or Figure 8, p 0 •16.0 mnd cc:•0.449'. 
A n1uury or the rcsal ts fer tho carbon/1:evlar 1laalation1 h 
,bown in Table 8. Tho table contain, tho detcntinistic lay-up 
u . .;unce or tho Hbcrs whore Jun tho hr c:luur that h ropuud 
h 11\'ctn. Aho, tho table c:on11i111 tho rorccnt or ll-flbon in &be 
bybrjd, lbo tttioator for tbo hybrid 1h1p, paraatltr Pc• Cbo 
22 
estimator for the hybrid scale parameter ec' the estimated expected 
value for ultimate hybrid strain µc' and the coefficient of 
variation in ultimate hybrid strain c.v. Finally, the table contains 
the estimated expected value for ultimate strength Mc computed from 
the rule-of-mixtures. 
2J 
6. Conol us ion 
A shear lag analysis has been utilized to calculate the stress 
concentration factors induced by broken fibers in hybrid composites 
with various volume ratios and various arrangements of fibers. The 
model we used for calculating the stress· concentration factors 
contains only 1S fibers. Therefore, when more than half of the 
fibers were broken, the concentration factor increase on a surviving 
fiber directly adjacent to broken fibers is not as severe as 
compared with the work made by Fukuda et al •• The reason for this is 
the boundary e!fect. We must remember what we assume when our model 
is subjected to a tensile stress. 'fhe axial displacement of boundary 
is linear with axial distance, and this influences the fibers 
adjacent to two boundaries. An alternative would be to consider the 
fibers to be arranged in the forr:1 of a thin tt:be. in which case no 
boundary effect would bo present. lt is apparent that the shear lag 
analysis also can be ucd for calculating tho concentration factor 
of tho surviving fiber when there arc some fibers broken in a hybrid 
composite with I thin tube arrangecent. We can extend tbi1 approach 
to develop a chain or budhs probability codcl developed by Harlow 
ct aJ. (231, and the hybrid cfCect could be studied ln lcrthor 
druil. 
Accordins to cbv calcahtiou huo lt h appunl cbu thct 
1urv!vin1 fiber oit•ton t•o cract1 hat• l1raer 1trt11 tQncontration 
than fibers directly adjacent to only one creek even, with an equal 
number of broken fibers in the cracks, In this context, the 
introduction of low modulus fibers into a high modulus fiber 
composite is advantageous because the low modulus fibers act as 
crack arrestors, From the simulation, we find that when a low 
modulus fiber between two cracks breaks, then crack propagation and 
failure can be expected. However, the low modulus fiber can stop 
crack growth for small crack sizes. This can be seen from the 
increase in mean breaking strain for the hybrids compared to an all 
high modulus fiber composite, see Table 8. The 'hybrid effect' for 
dtrain havo been shown to exist, bocause tho simulations has shown 
that when hybrid composites contained higher ratio of L-fibers has 
higher mean breaking strain but it doesn't defer to the rnl e-of-
mhture. Even in the worst cases of a very small percentage of L-
fibers or of rather sovere clw:sping of JI-fibers. there was evidence 
of the 'hybrid effect'. There is also a positive effect for 
ultimate 1tren1th. 
The cbain-0£-bundles probability =odcl has been adapted to 
model lnterply hybrid coapo1ite1 consisting oC varioua voluae ratios 
la Ciber arr1ngcment1. Tho hybrid structures studied were 111uaed to 
bo con1traotod with a delcn:tinistically Arrancod rcsular p11Lcrn of 
11-Hbors and 1.-tlbou. Tho 1n1J11il wu eadc by ciaployh~, Honto 
Carlo slauhtlon 10 thu I Hrtoty or hybrid 1y1uu could bt 
,cadlod. 
In order to check the accuracy and range of validity of tho 
simulations, comparisons were made with some of the analytical 
results given in (19], The simulations were reasonably close to the 
mathematically derived results for ultimate strain of hybrid. For 
example, the percent differences in the simulated medians and 
theoretical medians for ultimato strains ranged from 2,6\ to 6.0%. 
Likewiso, the percent differences in coefficient of variation ranged 
from 4.4% to 20,,9CJ,, The statistical behavior predicted by the 
simulations is characteristic of tho limited experimontal data 
available, The Weibull c.d.f. is a good choice to represent the 
hybrid breaking strain for laboratory she specimens, The 
coefficients of variation for the hybrid systems were typically in 
tho 3-5\ range, u expected from experiments. There is certainly 11 
need for more statistically signific11nt experiments to be conducted 





Table 1. Comparation for Concentration Factor with 
Fukuda et al,. 
R = J 
R = 1 
------------------------------~~-
-~--------------- Low Modulus High modulus 
Yang Fukuda 
------------------------~-----~-Yang Fukuda Yang Fukuda 
---------------~------------------------------------------~-1 1.331 1,343 1. 771 1.774 1.131 2 1.650 1.600 2.027 2.171 1.405 1.400 3 l..875 1,789 2.478 2.495 1.511 1.571 4 2.195 2.048 2.657 2.771 1.709 1. 724 5 2.347 2.210 2.974 3.075 1. 791 1.875 




Table 2. C~nccntration factor with extensional stiffness R1•1. 
n L n L n L n L n L n L n L n 
~~-------------------------·~~~ 1.002 1.004 1.008 1.014 1.027 1.065 1.331 • 1.3311.065 1.027 1.014 1.008 1.004 1.002 1.001 1.003 1.005 1.008 1.014 1.027 1.065 1.331 • 1.331 1.065 1.026 1.013 1.007 1.003 1,005 1.0111.0191.033 1.061 1.137 1.592 • • 1.592 1.136 1.060 1.031 1.017 1.008 1.003 1.007 1.012 1.0211.0381.085 1.383 • 1.708 • 1.382 1.083 1.035 1.017 1.007 1.005 1.0111.0201.037 1.084 l.383 • 1.708 • 1.383 1.084 1.037 1.020 1.011 1.005 1.013 1.028 1.051 1.095 1.206 1.810 • • • 1.810 1.206 1.095 1.0511.028 1.013 1.008 l.018 1.032 1.054 1.097 1.207 1.811 • • • 1.808 1.203 1.091 1.046 1.025 1.018 1.044 1.105 1.440 • 2.005 • • 1.635 1.154 1.070 1.039 1.023 1.013 1.006 1.009 1.020 1.037 1.069 1.153 1.635 • • 2.007 • 1.443 1.108 1.049 1.025 1.011 1.018 1.039 1.071 1.129 1,271 1.998 • • • • 1.995 1.267 1.124 1.063 1,027 1.017 1.039 1.078 1.171 1.685 • • 2,332 • • 1.685 1.1711.0781.039 1.017 1.028 1.070 1.166 1.681 • • 2.332 • • 1.687 1.174 1.081 1.044 1.024 1.011 1.010 1.021 1.038 1.067 1.136 J.505 • 2.256 • • • 1.838 1.210 1.089 1.036 1,021 1,050 1.099 1.217 1.844 • • • 2.257 • 1.504 1.135 1.064 1.034 l.OJS 1.035 J.080 1.154 1.325 2.159 • • • • • 2.159 1.325 1.154 1.080 1.035 l.OS7 1.138 1.313 2.148 • • • • • 2.162 1.330 1.162 1.090 1.050 1.023 1.040 1.098 1.227 J.282 • • • 2.604 • • 1.738 1.193 1.090 1.046 1.020 1.088 1.249 1.999 • • • • 2.466 • 1.562 1.162 1.083 1.048 1.027 1.013 1.oJJ 1.os1 1.1s1 1.1JJ • • 2.604 • • • J.889 1.234 1.108 1.oss 1.024 J.019 1.042 1.079 1.160 1.562 • 2,473 • • • • 2.018 1.269 1,117 1.048 1.068 1.163 1.363 2.290 • • • • • • 2.302 1.377 J.182 1.095 1.042 1.093 1,262 2.036 • • • • 2,834 • • J.788 1.214 1.102 1,0$3 1.023 1,038 l.092 1.207 1.783 • • 2.838 • • • • 2.0$6 l.283 1,12$ J.051 1.107 J.297 2.151 • • • • • 2.657 • 1.614 1.184 1,094 1,051 1.023 1,027 1.061 1.118 1.252 J.934 • • • 2.888 • • • 1.911 J.226 1.080 J,0$~ J.J4J 1.J23 2,175 • • • • • 2.660 • J.610 1.178 1.083 1.035 1,044 l.107 l.244 l.928 • • • 2.893 • • • J.968 1.244 J.107 1.044 1,048 t.109 J.207 1.4ll 2.4:0 • • • • • • • 2.382 1.374 J.JJ7 J.OR6 J.241 l.95J • • • 3.1)7 • • • • 2.095 1.298 1,112 1,054 
IV 
,o 
1.042 1.102 1.226 1.829 • • 3.039 • • • • • 2.183 1.309 1.111 
1.077 1.186 1.408 2.41S • • • • • • • 2,415 1.408 1.186 1.077 
1,048 1.116 1.261 1.911 • • • 3.137 • • • • 2.074 1.275 1.098 
1,075 1.208 1.814 • • 3.037 • • • • • 2,208 1.335 1.150 1.062 
1.086 1.206 1.448 2 .522 • • • • • • • • 2.488 1.410 1.151 
1.104 1.288 2.110 • • • • 3.392 • • • • 2.110 1.288 1.104 
1.082 l.223 1.854 • • 3.212 • • • • • • 2.312 1,351 1.128 
1.046 1.111 1.242 1. 869 • • 3.20S • • • • • • 2 .245 1. 275 






Table 3. Concentration factor with oxtensional stiffness R1=2. 
H L JI L JI L H 
1.001 1.002 1.004 1.008 1.014 1.040 1.186 
1.002 1.005 1.008 1.014 1.022 1.045 1.097 
1.005 1.011 1.018 1.032 1.055 1,130 1.454 
1.002 1.004 1.006 1.011 1.020 1.050 1.209 
1.008 1.018 1.032 1.063 1.131 1.680 • 
1.015 1.035 1.062 1.121 1.245 2,173 • 
1.007 1.016 1.027 1.047 1.079 1.181 1.592 
1.025 1.066 1.146 1.740 • 2,573 • 
1.009 1.021 1.037 1.076 1.161 1.854 • 
1.019 1.044 1.077 1.149 1.297 2.355 • 
1.017 1.040 1.074 1.172 1,555 • • 
1.030 1.080 1.178 1.918 • • 1.998 
1.014 1.031 1.053 1.100 1.193 1.856 • 
1.017 1.041 1.078 1.184 1.606 • • 
1.031 1.073 1.134 1.298 1.891 • • 
1.064 1.166 1.355 2.591 • • • 
1.048 l.126 l.273 2.288 • • • 
1.081 1.245 1.807 • • • • 
1.033 l.087 1.192 1.959 • • 2.164 
1.015 1.034 1.060 1.124 1.357 • 2.042 
1.072 1.187 1,395 2,727 • • • 
1.086 l.2S6 1.835 • • • • 
l.039 1.100 1.216 2.028 • • 2.397 
1.090 1,270 1.874 • • • • 
1.022 1,051 1.095 1,215 1.674 • • 
1.068 1.176 1.373 2.650 • • • 
1.054 1,140 1.299 2.370 • • • 
1.044 1.J02 l.18S 1.396 2.122 • • 
1.070 1.210 1,697 • • • 2.576 
L H L ll L u L u 
• 1.186 1.040 1.014 1.008 1.004 1.002 1.001 
1,570 • 1,570 1.096 1.044 1.0211,0111.005 
• • 1.827 1.153 1.0711.035 1,019 1.008 
• 1.387 • 1.208 1.050 1.019 1,010 1.004 
2.263 • 1.680 1.131 1.063 1.032 1.018 1.008 
• • 2.173 1.245 1.121 1.061 1.035 1.015 
• • • 1.590 1.177 1.074 1.039 1,016 
• 1,517 1.157 1.070 1.041 1.024 1.014 1,006 
• 1.679 • 1.266 1.078 1.034 1.018 1.008 
• • • 1.786 1.255 1.112 1,061 1,025 
2.917 • • 1.555 1.172 1,074 1.040 1.017 
• • 1.925 1.186 1.091 1.046 1.026 1.011 
3.000 • • • 2.239 1.258 1.118 1.044 
• 1.829 • 1.301 1,095 1,044 1.024 1.010 
• • • 1.891 1,298 1,134 1.073 1.031 
• • 2.608 1.373 1.193 1.102 1.058 1.026 
J.373 • • 1.622 1,203 1.091 l.OSO 1,021 
3.218 • 1.916 1,215 1,114 1.061 1.036 1.016 
• • • 1.649 1.203 1.088 1.048 1.020 
• • • • 2.360 1.288 1.133 1.050 
• • • 2.041 1.362 1.167 1.092 1.039 
3.609 • • 1.6S9 1.220 1.101 l.OS6 1.024 
• • • • 2,412 1.30S 1,142 1.0S4 
• 2.155 • 1,388 1.1411.0101.040 1.018 
• 2.333 • • • J.6~6 1.193 1.063 
• • 3.535 • 2.000 1.238 1,116 1,046 
3.869 • • • 2.370 1,299 1.140 1,054 
• • • • • 2.085 1.350 1.120 
• • • • 2.444 1,315 1,147 1,056 
1.042 1.108 1.229 2.066 • • 2.521 • • • • • 1.905 1.282 1.095 1.085 1.217 1.453 2.919 • • • • • • • 2.919 1.453 1.217 1.085 
1.057 1.148 l.314 2 .415 • • • 4.126 • • • • 1.883 1.276 1.093 
1.076 1.219 l.695 • • 3.943 • • • • • 2.685 1.384 1.182 1.070 
1.092 1.234 1.485 3.022 • • • • • • • • 2.196 1.394 1.137 1.097 1.287 1.909 • • • • 4.392 • • • • 1.909 1.287 1.097 1.081 1.232 1.725 • • 4.123 • • • • • • 2.061 1.342 1,117 1.047 1.119 1.249 2.120 • • 2 .687 • • • • • • 2. 662 1.297 1.243 2 .408 • • • • 2.814 • • • • 2.493 1.331 1.156 1.060 
-- .. , .. -·~· ------·--------- ----------·---------·---------------------------------------------





L H L H L 
" 
L H L ll L 
" 
--~~-------~----------------------------------------------------~------~--------
1.001 1.002 1.003 l.OOS 1.010 1.030 1.131 • 
1.003 1.006 1.010 1.017 1.027 1.0S7 1,117 1.771 
1.oos 1.011 1.01s 1.032 1.053 1.130 1.405 • 
1.001 1.002 1.004 1.007 1.013 1.036 1.144 • 
1.010 1.023 1.040 1.082 1.163 1.938 • 2,747 
1.016 1.040 1.068 1.139 1.273 2.478 • • 
1.007 1.015 l.025 1.044 1.072 1.171 1.511 • 
1.030 1.082 1.175 1.999 • 3.070 • • 
1.009 1.022 1.039 1,084 1.171 2.048 • • 
1.020 1.047 1.081 1.164 1.317 2.657 • • 
1.017 l.042 1.015 1.178 1.513 • • 3.429 
1.031 1.088 1.189 2.125 • • 1.880 • 
1.016 J.037 1.063 1.124 1.232 2.161 • 3.652 
1.015 1.038 1.070 J.173 1.518 • • • 
1.029 1.071 1.126 1.290 1.791 • • • 
1.069 1.186 1.385 2.964 • • • • 
1.053 ).)46 1.306 2.634 • • • 4.047 
1.080 1.250 1.742 • • • • 3.878 
1.034 J.094 1.201 2.162 • • 2.005 • 
1.014 1.031 J.OS3 1.110 1.282 • 1.887 • 
1.076 1.205 J.420 3.098 • • • • 
1.084 1.260 1.766 ' • • • 4.289 
1.040 1.108 1.227 2.244 • • 2.240 • 
1,084 J.261 1.772 • • • • • 
1.020 1.048 1.086 1.202 1.578 • • • 
1.074 1.199 1,410 3.053 • • • • 
1.061 J,164 1.339 2.7SO • • • 4.730 
J.042 1.100 l.176 1.J89 2.006 • • • 
1.064 1.200 J.603 • • • 2.J74 • 
1.1311.0301.010 1.005 1.003 1.002 1.001 
• 1.111 1.1111.0551.025 1.014 1.006 
• 2.027 1.165 1.080 1.037 1.021 1.009 
1.269 • 1.144 1.035 1.012 1.006 1.003 
• 1.938 1.163 1.082 1.040 1.023 1.010 
• 2.478 1.273 1.139 1.068 1.039 1.016 
• • 1,509 1.168 1.068 1.040 1.015 
1.4811,175 1.072 1.044 1.025 1.015 1.007 
1.561 • 1.201 1.06S 1.028 1.016 1.007 
• • 1.109 1.254 1.108 1.060 1.025 
• • 1.513 1.178 l.075 1.042 1.017 
• 2.133 1,198 1.100 1.048 1.028 1.012 
• • • 2.583 1.292 1.139 1.050 
1.673 • 1.226 1.079 1.036 1.020 1.009 
• • 1.191 1.290 1.126 1.071 1.029 
• 2.984 1.405 1.215 1.109 1.064 1.027 
• • 1,589 1.215 1.095 1.054 1.022 
• 2.224 1,253 1.137 1,071 1.042 1.018 
• • 1.560 1.193 l.081 1.045 l.018 
• • • 2.655 1.306 1.145 1.053 
• • J.946 1.360 1.161 1.091 1.038 
• • 1.6211.230 1.103 1.059 1.025 
• • • 2.718 1.324 1.155 1.057 
1.973 • 1.305 l.123 J.061 1.036 1.016 
2.132 • • • 1,563 1.182 J.057 
• 4.304 • 2.340 1.281 1.140 1.054 
• • • 2,750 1.339 1,164 1.061 
• • • • 1.974 1,344 1.114 
• • • 2,746 1.332 1.159 1.058 
\.J 
\.J 
1.043 1.115 1.238 2.279 • • 2.334 • • • • • 1.802 1.274 1.089 1.090 1.240 1.486 3.345 • • • • • • • 3.345 1.486 1.240 1.090 1.064 1.172 1.353 2.798 • • • 4.997 • • • • 1.820 1.284 1.093 1.078 1.232 1.663 • • 4.738 • • • • • 3.0911.4201.205 1.077 1.096 1.255 1.514 3.445 • • • • • • • • 2.089 1.393 1.132 1.097 1.293 1.842 • • • • 5 .273 • • • • 1.842 1.293 1,097 1.083 1.244 1.689 • • 4.921 • • • • • • 1.972 1.344 1.114 1.048 1.127 1.259 2.344 • • 2.502 • • • • • • 3.018 1.316 1.258 2. 709 • • • • 2.613 • • • • 2.806 1.350 1.169 1.063 
---------------------------~-----------------------------------------------------~~-














0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.568 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.568 0.000 0.000 0.000 0.000 0,000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 2.345 2.345 0.000 0.000 0.000 0.000 0,000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.677 0.000 1,676 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.677 0.000 1.677 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 2.917 3.500 2.917 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 2.916 3.498 2.914 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.792 0.000 2.492 2.442 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 2.442 2.494 0.000 1.795 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 3.380 4.346 4.344 3.378 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 2.SS4 2,654 0.000 2.654 2.554 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 2.S49 2.650 0.000 2.654 2.5ss 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.909 0.000 3.086 3.628 2.990 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0,000 2.998 3.63S 3.090 0.000 1.909 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 3.769 5.027 5.387 S.027 3.769 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 3.757 S.OlS S.379 S.023 3.769 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 3.090 3.78S 3.274 0.000 2.808 2.665 0,000 0.000 0.000 0,000 0.000 0.000 0.000 0.000 3,415 4.428 4.479 3.SS6 0.000 2.011 0.000 0.000 0.000 0,000 0.000 0.000 0.000 0.000 0.000 0.000 2.660 2,805 0.000 3.278 3.792 3.097 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 2,013 0.000 3.570 4,500 4,453 J.439 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 4.092 5.588 6.214 6.218 5.591 4.104 0.000 0.000 0.000 0.000 0.000 o.noo 0.000 0.000 J.so1 4.567 4.664 J.764 0.000 2.948 2.768 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 2.765 2.947 0.000 3.777 4.68S 4.493 3.526 0.000 0,000 0.000 0.000 0.000 0.000 0.000 J.788 S.084 5,491 5.183 3.966 0.000 2.106 0.000 0.000 0.000 0.000 0.000 0.000 o.ouo 0.000 0.000 0.000 3.)96 3.944 3.454 0.000 3.441 J.922 J.171 0.000 0.000 0.000 0.000 0.000 0.000 0.000 l.819 S,117 S.519 5.203 3.977 0,000 2,104 0.000 0,000 0.000 0.000 0.000 0.000 0.000 0.000 J.190 J.940 3.454 0.000 J.454 3.940 3.190 0.000 0.000 0.000 0.000 0,000 0,DOO 0,000 0.000 0,000 4.39U 6.076 6,N98 7,J44 6.81S 6,034 4.342 0.000 0,000 0,000 0.000 0.000 0.000 J.264 4,066 J,606 0.000 J.970 4.8bJ 4.7Jl J.612 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 2.860 3,074 0.000 4.188 5.387 5.656 5.206 3.862 0.000 0,000 0.000 
0.000 0.000 0.000 0.000 4.382 6.076 6.909 7.167 6,909 6.076 4.382 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 3.283 4.083 3.615 0.000 3.961 4.845 4.706 3.588 0.000 0.000 0.000 
0.000 0.000 0.000 2.845 3.064 0.000 4,195 5.404 5.682 5.238 3.893 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 4.631 6,489 7.489 7.940 7.931 7.464 6.452 4.592 0.000 0.000 0.000 
0.000 0.000 0.000 3.669 4.837 5.012 4,138 0.000 4,138 5.012 4.847 3.669 0.000 0,000 0.000 
0.000 0.000 0.000 2.930 3.177 0.000 4.548 5.991 6.529 6.444 5.741 4.172 0.000 0.000 0.000 
0,000 0.000 0.000 0.000 2.941 3.183 0.000 4.522 5.945 6.465 6,364 5,651 4.090 0.000 0.000 
0.000 0.000 3.610 4.776 4.963 4.108 0.000 4.138 S.022 4.855 3.691 0.000 0.000 0.000 0.000 
Table 6. Ineffective length with extensional stiffness R1=2. 
H L H L H L H L H L H L ll L H 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.069 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.641 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.877 2.177 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 1,114 0.000 1.113 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 1.817 0.000 1.817 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 2.81S 3.160 2.81S 0.000 0.000 0.000 0.000 0,000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 2.244 2.921 2.243 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 1.913 0.000 2.400 2.015 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 2.222 1.943 0.000 1.211 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 3.138 3.751 3.789 2,717 0.000 0.000 0.000 0.000 0.000 
~ 0.000 0.000 0.000 0.000 0.000 2.098 2.531 0.000 2.531 2.098 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 2.329 2.083 0.000 2.087 2.334 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0,000 0.000 0.000 0,000 0.000 2.079 0.000 3.082 3.361 2.93S 0.000 0.000 0.000 0.000 
0,000 0.000 0.000 0.000 0.000 2.278 2.980 2.319 0.000 1,267 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 2.965 4.231 4.4Sl 4.231 2.965 0,000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 3.562 4.489 2.891 4.497 3.S15 0.000 0.000 0,000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 3.016 3,486 3.238 0.000 2.73S 2.233 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 2.794 3.935 3.971 3.421 0.000 2.166 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 2.394 2.166 0.000 2.481 3.125 2.367 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 1.352 0.000 2.799 3.854 3.193 3.151 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0,000 3.796 4.882 5.456 S.326 4.822 3.305 0.000 0,000 0.000 0.000 0,000 
0.000 0.000 0.000 2.867 4,040 4.113 3.590 0.000 2.846 2.307 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 2.500 2.293 0.000 2.982 4.029 3.928 3,244 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 2.~61 4.241 4.485 4.291 3.045 0.000 1.399 0.000 0.000 0.000 0.000 0.000 
0,000 0.000 0.000 0.000 0.000 2,420 3.209 2.572 0.000 2.564 3.193 2.404 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 3.660 4.647 5,106 4,773 3.901 0.000 2.294 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 3.151 3.689 3.484 0.000 3,484 3.689 J.1Sl 0.000 0.000 0.000 0.000 
0,000 0.000 0.000 0.000 0.000 3.485 S.133 S.776 6.068 5.158 5.100 3.4S2 0.000 0,000 0.000 
0.000 0.000 0.000 2.489 3.329 2.708 0.000 J.084 4.JJO 4.Q07 3.296 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 2.SS9 2.363 0.000 3.238 4.480 4.638 4.3SS 3.028 0.000 0,000 0.000 0.000 0.000 0.000 0.000 4.123 S.416 6.204 6.352 6.204 5.416 4.123 0.000 0.000 0.000 0.000 0.000 0.000 0,000 0.000 3,225 3.800 3.617 0.000 3.854 4.344 4.216 2.961 0.000 0.000 0.000 0.000 0.000 0.000 2,403 3.001 0.000 4,082 4.933 5.234 4.741 3,720 0.000 0.000 0.000 0.000 0,000 0.000 0,000 0.000 4,297 5.699 6,596 6.878 6.893 6.380 S.537 3.705 0.000 0.000 0.000 0.000 0.000 0.000 3.019 4.313 4,471 3.997 0.000 3.997 4,471 4.313 3.019 0.000 0.000 0.000 0.000 0.000 0,000 2.464 3.091 0.000 4.336 5.343 S.816 5.S89 4.994 3.393 0.000 0.000 0.000 0.000 0.000 0.000 0.000 2.642 2.460 0,000 3.570 5.050 S.480 S.S31 4.900 3.165 0.000 0.000 0.000 0.000 3.296 4.0S4 4.228 3.20S 0.000 3.233 4.283 4.127 3.376 0.000 0.000 0.000 0.000 
Table 7, Ineffective length with extensional stiffness R1=3, 
---~~------------------------~--·~~-
JI L u L u L " 
L ll L B L ll 
---------------~----------------------------------------------------------------~-~~ 
Il L 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.858 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.690 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.690 2.124 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.884 0.000 0.884 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 1.914 0.000 1.914 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 2.804 3,055 2.804 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.976 2.705 1.975 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 2.001 0.000 2.400 1.s5s 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 2.153 1,730 0.000 0.971 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 3.067 3.538 3.590 2.456 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 1.926 2.516 0.000 2.516 1.926 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 2.259 1.862 0.000 1.865 2.266 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 2.202 0.000 3.143 3.308 2.959 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 1.996 2.741 2.020 0.000 1.008 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 2.647 3.935 4.097 3.935 2.641 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 3.520 4.318 4.736 4.326 3.535 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 3.031 3.419 3,284 0.000 2.756 2.077 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 2.551 3.111 3.816 3.426 0.000 2.281 0.000 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 2.309 1.919 0.000 2.171 2.881 2.081 0.000 0.000 0.000 0.000 0.000 
0,000 0.000 0.000 0.000 0,000 1,083 0.000 2.S03 3.626 3.558 3,073 0.000 0.000 0,000 0.000 
0.000 0.000 0.000 0.000 3.711 4.634 5,188 s.ooo 4.541 1.990 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 2,609 3.868 3.940 3.511 0.000 2.853 2.139 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 2.416 2,039 0,000 2.675 3.798 3.692 3.161 0.000 0.000 0.000 O.QOO 
0.000 0,000 0.000 l,637 J.931 4.109 3.96S 2.692 0.000 1.J14 0.000 0.000 0,000 0.000 0.000 
0.000 0.000 o.coo 0.000 0.000 2.117 2.941 2.233 0.000 2.226 2.928 2,105 0.000 0.000 0.000 
0.000 0,000 0.000 0.000 J.64, 4,515 S.005 4.671 3,946 0.000 2.433 0,000 0,000 0.000 0.000 
0.000 0.000 0.000 0.000 3,191 J.656 3.577 0.000 3.577 3.656 3.191 0.000 0.000 0.000 0.000 
0,000 0.000 0,000 0.000 0,000 J,119 4.7SJ 5.3SS 5,670 S.339 4,754 3.101 0,000 O,OOU 0.000 
0.000 0.000 0.000 2.186 J.061 2.J60 a.ooo ~.1~6 J,871 3.750 J.100 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 2.461 2.089 0.000 2.871 4.149 4.259 4.042 2.702 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 4.060 5.191 5.969 6.073 5.969 5.191 4.060 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 3.257 3.154 3.696 0.000 3.888 4.206 4.069 2.726 0.000 0.000 0.000 
0.000 0.000 0.000 2.247 3.033 0.000 4.110 4.812 5.117 4.598 3.698 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 4.202 5.424 6.281 6.495 6.518 5.980 5.202 3.351 0.000 0.000 0.000 
0.000 0.000 0.000 2.775 4.152 4.315 4.015 0.000 4.015 4.315 4.152 2.775 0.000 0.000 0.000 
0.000 0.000 0.000 2.297 3.112 0.000 4.320 5.148 5.587 S.294 4.734 3.092 0.000 0.000 0.000 
0,000 0.000 0.000 0.000 2.546 2.180 0.000 3.204 4.730 S.124 S.246 4.636 3.668 0.000 0.000 
0.000 0.000 3.200 3.797 3.968 2,858 0.000 2.886 4.023 3.870 3.282 0.000 0.000 0.000 0.000 
Table 8. Simulated results for carbon/Kevlar hybrids. 
Lay-up Percent of Pc B µ c.v. Mc Sequence H-fibers (i) (IJ,f (IJ,) (GPa) 





















F!gurc 1. A sclu:=at:tc of planar hybrid eoapuultu tilpu with 
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Figure 2. Equilibrium diagram of~ single fibar. 
Ftsuro 3. Modol tor tenall~ •tronRth Annly•la of 
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42 
equivalent step function 
E 
actual fiber strain 
Figure 4. Definition of ineffective length. 
{after Friedman (18)) 
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Sample Size= 25 
Bundle Size = 90 
Lay-up Sequence 2H:1L 
~ = 240 GPa 
f'H = 7.0 
EL= 131 GPa 
PL = 8.2 
t~ = 2. 7% 
Pc F(e) = 1-exp(-(e/~) ) f>C = 24.711 C 
€; = o. 72% 
fc = 0.521% 
95% Rank Confidence Band 
Best Linear Fit 
,----~-sz Rank Confidence Band 
• 
~1-----t-----1-----1-----f.----.... 115.00 15.40 IS.SO 16.20 16.60 11.00•10-1 
u1 c 1 ooo•o > 
























































Sample Size• 25 Bundle Size • 90 Lay-up Sequence 2H:lL 
EH= 240 GPa EL• 131 
PH= 7.0 PL - 8.2 fH= ~~ a 2. i'i: o. 727. 5 
F(e) Pc = 1-exp(-(e/f) ) ~ = 24. 711 C fc = o.s21i 
GPa 
954 Rank Coni!d~ncc Band 
Best Linear n t. 
5;;------;-------t-------,t-------1-----~ I 15.QQ 15.40 15.80 16.20 16.60 }1.00•10-l L': ( l OOO•e) 
Figure 6. The simulated Weibull c.d.f. for breaking ~train of a 2U:ll. 














































Sample Si.ze = 25 
Bundle Size= 90 
Lay-up Sequence lH:11 
EH= 240 GPa EL= 131 GPa 
PH= 7.0 P1 = 8.2 
{:H=0,72% {/=2.7% 8 S 
Pc F(e) = 1-exp(-(e/ ~ ) ) ~ C /Jc= 28.196 Ee= o,660% 
95% Rank Confidenca Band 
i 
+ 
Bost Linear Fit 
,...~~}l Rank Confidence Band 
• 
~+-----t-----..-----+------+-------.1 117.40 17.80 18.20 18.60 19.00 19.40•10·1 L~ (1 OOO•@) 



















































San.ple Size = 25 
Bundle Size= 90 
Lay-up Sequence lH:lL 
EH= 240 GPa E "' 131 L P. = 7.0 p = 8.2 H L 
f" = tL = 0.727. 2. 7% s 3 
Pc F(e) = 1-exp(-(e/€) ) 
P,_ = 28: 196 C 
E~ = o. 660% 
GPa 
95? Rank Coni!dcnc~ B.~nJ 
Best Linear :-·it 
.,_,__ __ 57; Rank Conf icfoncc H.1nd 
~ i',------;-------r-------+------+-------. 1
17.40 17.80 18.20 1S.60 19.00 19.~0~lo-l 
LN(lOOO*c) 
Figure 7. The simulated Weibull c.d. t:. for br.:?aking .str.aln of .i JU: ll 



















































Sample Size= 25 
Bundle Size= 90 Lay-up Sequence All H 
Ei-i = 240 GPa 
fH = 7.0 
tH = 0,72% 8 
Er,= 131 GPa 
ft = a. 2 
L t5 = 2,7% 
P,, 
F(e) = 1-exp(-(e/f0 ) 0 ) P, = 24. 711 
f~ = 0.521% 
9S~ Rank Con!'idence Band 
Best Linear Fit 
S~ Rank Confidence Band 
:; -t-----t-----+-----+-----4-----4 ,13.30 13.ao 14.30 14.so 1s.,o 15.eo•10-1 Ul(lOOO•a) 





















































Sample Size= 25 
Bundle Size= 90 
Lay-up Sequence All P. 
~ = 240 GPa ~= 131 0Pa 
fH = 7.0 PL = 8.2 
EH = 0.72% l:L = 2.7% 8 6 
95% Rank Confidence Band 
Sest Linear Fit 
I-~~~~s% Rank Confidence Band 
lJ.80 14.JO 
LN(lOOO*e) 15.30 14.30 
Figure 8. The simulated Weibull c.d.r. 'for crea.kin.f.r strain 
of all H composite is shown. 
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